In unimodular gravity the cosmological constant Λ appears naturally as an integration constant when deriving the field equations of the theory and using the conservation of the matter components. Therefore, the unimodular approach seems to naturally alleviate some usual problems associated to Λ. A crucial aspect and matter of intense debate is the conservation of the energy momentum tensor which is usually obtained by imposing the general covariance to the matter sector. In this work, being inspired by theoriesà la Rastall, we develop the unimodular type theory evading the conservation T µν ;µ = 0 and explore the cosmological consequences both at background and first order in scalar and tensor perturbations of this approach. Possible extensions of this approach are discussed.
I. INTRODUCTION
Unimodular gravity can be seem as a simple modification (or gauge fixed version) of Einstein's general relativity. It has been realised long ago (see for example [1] ) that by adding a constraint on the determinant of the metric to the action principle the same structure of the standard GR equipped with a cosmological constant term is achieved. Indeed, one can not argue that the cosmological constant problem is solved (it is still there), but rather it appears as a initial condition which has to be set according to the cosmological evolution. Therefore, there is naturally great interest in analysing the relevance of unimodular gravity to the cosmological constant problem.
It has been also widely investigated whether or not unimodular gravity is really indistinguishable from GR + Λ concerning all possible physical aspects, see [2] . Although the background cosmological expansion is clearly the same in both cases it is not trivial that perturbations should follow the same structure. However, it has been show that the cosmological perturbations are identical (or one is not able to distinguish between them) in both theories [3, 4] . Apart from from the equivalence at the classical level, the equivalence at quantum level has been also discussed in Refs. [5] .
There are also attempts in the literature to find out unimodular versions of extended theories of gravity as for example the unimodular f (R) [2, 6] , unimodular f (R, T ) [7] and unimodular f (G) [8] .
The goal of this work is to construct another extension of the unimodular gravity by evading the imposition that the energy-momentum tensor has to be conserved. Indeed, T µν ;µ = 0 has to be assumed in the derivation of the standard (or Einstein-Hilbert) version of the unimodular gravity. We promote this discussion in detail in the next section. We are motivated by the phenomenology behind the Rastall theory [9] for the case the parameter of this theory takes the particular value λ = 1 2 (see, for example [10] ). We note, en passant, that there has been recently a discussion on the equivalence between Rastall and General Relativity theories [11, 12] . However, as it will become clear later, our approach lies outside such discussion.
In giving up the usual conservation of the energy-momentum tensor, the general structure of the unimodular gravity, with the emergence of the cosmological constant, is not necessarily verified anymore. Moreover, some extra conditions must be imposed on the field equation in order to obtain a closed set of equations 1 . Here, we explore the specific extra condition of a constant Ricci scalar, leading to a cosmological evolution exhibiting a transition from radiative phase to a de Sitter phase. We will show that combining background and perturbative analysis, the resulting model is more adapted to the primordial universe, but admitting possible extensions that may lead to models also describing the present universe. Moreover, by choosing a specific ansatz for the perturbed quantities the non conservative unimodular type model becomes, at least in the cosmological case, identical to the corresponding GR case, except for some multifluid configurations. Relaxing the condition R = cte already at background level many interesting new features appear. We start section II reviewing the standard unimodular theory. This allows us to show clearly at which point our proposal deviates from the standard unimodular gravity. We then develop the background cosmological solutions for this new theory in section III and study its perturbations in section IV. Some extensions of the model are discussed in section V. We conclude in section VI.
II. NON-CONSERVATIVE VERSION OF UNIMODULAR GRAVITY
A. A short review of "standard" unimodular gravity Let us consider the equations of the unimodular gravity written in the following form
This equation can be obtained from the Einsein-Hilbert Lagrangian by imposing the condition g µν δg µν = 0 on the variation of the metric [2] . Alternatively, this equation can be rewritten as,
Taking the divergence of this equation, and using the Bianchi identities, we find,
It is widely accepted that the unimodular gravity comes from an action, which is invariant by diffeomorphism. Hence, the energy momentum-tensor conserves. However, this issue is a crucial and subtle aspect of the unimodular gravity. Since one has now an the extra constraint on the determinant of the metric the theory is left with 9 independent component equations of motion, one less than General Relativity. This impedes the use of the Bianchi identities for deriving the conservation of the energy-momentum tensor. This viewpoint is also adopted in Ref. [3] . Therefore, one has indeed to impose the conservation
Then, by imposing the use of the above equation we are left with the following result for the standard unimodular gravity,
The above equation can now be integrated leading to an expression for the Ricci scalar in terms of the trace of the energy momentum
where Λ is an integration constant. Inserting this result in the field equations (2) we find,
Hence, unimodular gravity is identical to General Relativity with a cosmological constant which appears as an integration constant.
According to Ref. [13] the integrability condition applied to unimodular gravity should be rather (T µν / |g|) ;µ = 0 but, by quoting this reference this is an extra condition that should be added for consistency but one that looks a bit mysterious. Recently, is has been found in Ref. [14] that by allowing the self-coupling of the spin-2 field Eq. 4 emerges naturally as a consequence of Poincaré invariance of the theory.
In order to evade T µν µ = 0 and to design a non-conservative version of the unimodular theory we use the Rastall theory as inspiration. In Rastall gravity, there is no action. Consequently, the divergence of the energy-momentum tensor is not necessarily zero, and the integral of the conservation law is not possible as it is in unimodular gravity. We remain with equation (3) in its complete form. Then, in the approach we are about to develop we assume we can not promote the step from Eq.(3) to Eq. (5) . That is all difference we must exploit. Hence, our fundamental structure is given for the moment by equations (1) and (3) .
Let us consider the flat cosmological case equipped with a flat Friedmann-Robertson-Lemaitre-Walker (FLRW) metric
According to the above metric the components of the Ricci tensor are
and the Ricci scalar is,
The energy-momentum tensor is given by,
where its components and its trace read
It is worth noting that the 0 − 0 and i − j components of the fundamental unimodular equations (1) lead to the same resultḢ
The equation (3) is just a combination of the fundamental unimodular equation (1) and its derivative. Thus, it does not contain in principle any additional information. In the standard unimodular gravity this is not a problem, because the conservation of the energy-momentum tensor is satisfied, leading in the cosmological case tȯ
With the specification of the equation of state connecting p and ρ the system of equations is closed. However, in our alternative approach, the conservation of the total energy-momentum tensor does not exist and some extra assumptions may be imposed in order to have a complete set of equations.
There are some possibilities. It seems the simplest possibility is to consider a constant curvature: R = cte. With this hypothesis, we can write,Ḣ
For k > 0, there is the usual de Sitter solution:
This solution leads to the usual GR configuration with a cosmological constant. Moreover, there are two disconnected branches represented by the following solutions.
First branch (non-singular solution):
2. Second branch (singular solution):
The first branch, non-singular solution implies negative density matter, while the second branch singular solution is achieved with positive density matter. In principle, these two branch solutions can also be achieved in the GR context using radiation and a cosmological constant. But, remark that, in our model, the only condition to have those solutions is ρ = −p. Besides this condition, no equation of state needs to be specified. In fact, somehow, the radiative feature comes from the traceless character of the field equations, while the cosmological constant emerges naturally as an integration constant of the dynamics. For k < 0, the solution is
The second branch, represented by the cosines solution, is just a spatial displacement of the sines solution.
For k = 0, we have the typical radiative solution,
Now, with this hypothesis of constant curvature, we can investigate two situations concerning the matter sector. Remember that, since R = constant, the equation (3) for the matter sector becomes
• One fluid case.
From equation (24), we obtain the following resulṫ
with the solution for the enthalpy of the system
C being a constant. This corresponds to the typical radiative behaviour. Remark also that all equations are only sensitive to the enthalpy ρ + p, independent on the equation of state adopted.
• Two fluids.
The solution for the scale factor, under the hypothesis of constant curvature is the same as before. But, let us suppose now that the energy momentum tensor is given by,
where m stands for matter, and x indicates a generic exotic fluid. Let us suppose also that the matter component is pressure less and does conserve separately.
The matter field behaves as,
while equation (24) implies for the exotic fluid,
resulting in the solution,
Some interesting features of this solution:
1. Again, for the fluid x, only the combination ρ x + p x is relevant; 2. In the past, the fluid x behave as a radiative fluid, and dominate the content of the universe;
3. As matter begin to dominate the energy content of the universe, the fluid x begins to behave repulsively;
4. The case p x = −p x (cosmological constant) only the empty universe is possible, and we recover the unimodular universe with a cosmological constant emerging as an integration constant.
In all previous case, we haveḢ
where A is a positive constant. Hence, the super inflationary phase is a characteristic of this model. Initially, for k > 0 the universe exhibit a typical radiative behaviour, reaching at the other asymptotic a de Sitter phase. In principle, a matter dominated era may occur meanwhile, but it must be verified if it last enough for the formation of structure to take place. We will verify later that this is not the case, at least under our particular conditions.
III. BEHAVIOUR OF THE NEW BACKGROUND SOLUTION
Let us consider the background solution represented by,
where κ = √ 2k. We normalise the scale factor such that today, t = t 0 , it is equal to unity. Hence,
We write the fundamental equation as,
Using the solution above for the scale factor, we can integrate this equation, leading to:
where c is an integration constant. For simplicity and without loss of generality we consider c = 0. In any case, it can be absorbed in the definition of the expansion rate H. The solution for H can then be rewritten as,
Or, equivalently,
The constants may be fixed using the today's Hubble constant parameter H(z = 0) = H 0 and also making use of the fact that at the asymptotic future limit given by z = −1 a de Sitter phased is reached such that H = Λ. With such conditions, the expression for the Hubble function reduces to, Hence, we have two free parameters, H 0 , Λ, the same number of degrees of freedom as in the flat ΛCDM model. It is worth noting that the model studied here given by Eq. (38) is equivalent to a GR based expansion composed of radiation and cosmological constant.
Since the standard flat-ΛCDM model provides very good agreement to current observational data it seems obvious that expansion rate (38) should not provide good fit to the data as well. We desire on the other hand to explore the qualitative predictions of such expansion with respect to the present universe. The use of low-z probes only could bias our conclusion about the viability of the model since the constant term dominates the expansion for low redshifts as in the ΛCDM case. We plot the Hubble diagram for Supernova Type Ia making use of the JLA data sample in In order to visualise the behavior of (38) for larger redshift values we plot in Fig. 2 the expansion rate as a function of the redshift. The observational data shown in this figure consist of 28 data points listed in Ref. [17] . Due to the the large error bars in the H(z) sample the expansion (38) adoptingΛ = 0.9 (solid blue line) barely fits the data. ForΛ = 0.5 (solid red line) a severe disagreement is observed. However, in both cases the large-z behaviour strongly departures from the standard matter dominated phase. The overall behaviour of the background expansion is also shown in Fig. 3 where the deceleration parameter q(z) = −1 −Ḣ/H 2 is plotted. Following the same color schemes as in Figs. 1 and 2 we observe that a rapid transition from the radiative phase to the de Sitter stage occurs in the models dictated by the expansion rate (38).
IV. PERTURBATIONS
Since we have established in the previous section the background dynamics of the non-conservative unimodular cosmology, let us consider now the evolution of perturbations in the model described previously. In principle, we could use any of the background solutions found before. We will analyse in detail the singular solution represented by the hyperbolic sines showing that even at perturbative level it is equivalent to the corresponding case in General Relativity, with radiation and cosmological constant. Later, we will discuss some interesting situations where the equivalence with GR is broken. We will not discuss the non singular solution represented by the hyperbolic cosines since it contains negative energy.
We start by splitting the metric such that In cosmological perturbation theory one has to set the gauge conditions. In this work we develop the perturbative analysis by fixing synchronous coordinate conditions (or the synchronous gauge). We have therefore the synchronous condition
Consequently, the perturbed components of the Ricci tensor are [15] δR 00 =ḧ 2 + Hḣ, (42)
In the above expressions we have defined the synchronous scalar potential as usual
The perturbation of the Ricci scalar is given by,
In order to obtain the full set of perturbed equation we also have to consider fluctuations of the field source of the theory. We adopt a perfect fluid structure
which has the following first order components
Thus the perturbed version of the field equations (1) becomes
From the above equation we can write down their components. They read
It is worth noting that the also at the perturbative level the enthalpy ρ + p the is relevant quantity that obeys the first order dynamics. Equation (54) is actually the expression for the perturbation of the four-velocity. Equation (55) can be decomposed into two: its trace and its double divergence. The trace of (55) reads
with the definition,
Combining (56) with (53) we find again the expression for δR, Eq. (52), confirming that the entire set of equations is self-consistent. The divergence of (55) combined with (53) and the expression for δR provides the following equation
Hence at the end, we have just two equations for three unknown functions, δρ = δρ + δp, h and g. As in the background set, we have to impose an additional condition. The most natural one seems to be to impose, following the background,
Applying the above ansatz to Eq. (46) we obtain,
By taking the derivative of this relation and using (53), we obtain a single equation for h,
By defining F =ḣ, we have a third order differential equation,
Replacing the time derivative (" . ") by derivative with respect to the scale factor (" ") we can rewrite the above equation for F as
We are using the synchronous coordinate condition. It is well know that such choice does not fix completely the coordinate system. There is a residual coordinate freedom which leads to a spurious mode represented by,
where the subscript g indicates the functional form of the residual gauge mode, and Ψ is an arbitrary function of the position. It is interesting that the condition δR = 0 is still satisfied for the gauge mode. Using this gauge mode we can lower the order of the perturbed differential equation. Then it reads now,
where we have defined F = F g λda and a Fourier decomposition has been made. Even with this simplification the equation is still too complicated to be solved analytically. However, it can be solved asymptotically. In the limit a → ∞, the Hubble function becomes H = Λ, a constant. The equation simplifies to,
where we have discarded the right hand side of equation (65), since it is, in that limit, exponentially suppressed. This implies a solution under the form,
Hence, the perturbations are exponentially suppressed as expected since this limit corresponds to the de Sitter regime.
In the other limit, a → 0, the background regime lies in the radiative phase, i.e., and the Hubble function reads H = Ω a 2 . In this case, using the knowledge of the gauge mode and redefining λ = a 5 2 γ, we obtain the equation
The above equation is a Bessel differential equation which has the well known solution
This solution implies oscillations in the perturbed quantities. Thus, the amplitude of the perturbed scalar quantities oscillate initially and suffer later a exponential suppression. Indeed this behaviour is the expected one for a universe that initially behave as radiative dominated reaching later a de Sitter phase. Such behaviour deduced from the asymptotic expressions is confirmed by numerical integration of the full equation (63) as shown in Fig. 4 . All the features described above occur also in the GR context with a cosmological constant and radiation. This equivalence is consequence of the ansatz δR = 0. If this ansatz is relaxed, the equivalence is broken. However, in principle this implies to convert the gauge mode in the perturbative analysis described above as a true physical mode unless another gauge invariant ansatz is imposed.
A special and very interesting case occurs if the long wavelength limit is taken. In this limit, all spatial derivatives can be neglected. Hence, ∇ 2 h = g = 0 and Eq. (60) becomes
with the solution,
which is essentially the same solution as in the ΛCDM case. Indeed, once the solution for h is found the behaviour of matter perturbations is given by (53). However, there is an interesting situation when the energy-momentum tensor is decomposed into two components, as described above, an ordinary matter and an extra component, a situation that can not be fitted in the GR context (if the matter component conserves, the second component also conserves necessarily, and the solution can not be given by the hyperbolic sinus anymore).
Since the matter component, with zero pressure, conserves separately, we have the relation,
In the long wavelength limit, this implies that the matter component behaves as in the ΛCDM model. The difference comes from the modes inside the horizon: in the ΛCDM model the matter component follows the same behaviour for all wavelength, while for our case the behaviour inside the horizon follows a typical pattern of the radiative perturbations.
The case of gravitational waves may admit a quite simple analysis. The fundamental equation in this case is,
This must be compared with the similar equation in General Relativity in presence of viscosity [15] :
whereη is the viscosity coefficient. In the absence of viscosity, and using the expression for R in terms of the Hubble function, we can see that both expressions are the same.
V. A POSSIBLE EXTENSION
The results above indicate a complete equivalence, at background and perturbative level, between the model developed here and a model coming from General Relativity with radiation and cosmological constant. This equivalence is, somehow, only apparent since in the non conversative unimodular type theory developed here at any moment we were obliged to specify which kind of fluid we were considering: all the results were consequence of the traceless character of the field equations (implying a radiative behaviour) and the ansatz of a constant Ricci scalar (implying a cosmological constant behaviour). While the first property is intrinsic to the theory, the second one is an extra ingredient, and it can be relaxed. Moreover, at perturbative level, we can split the fluids into different combinations, with new features not presented in the GR corresponding case. In fact, the most simple extension to the ansatz R = constant, is to consider it as a function of the scale factor:
where n is a constant parameter. Inserting this hypothesis in the equation (3), we obtaiṅ
(ρ = ρ + p) with the solution,ρ
The factor 4/3 has been introduced in the first term of the right hand side for later convenience. If we impose n = −3, we obtain,ρ
that is, a mixture of radiation and matter components. Inserting this solution in the fundamental equation (16), changing to the scale factor variable, and integrating, we obtain a Friedmann's equation of the type:
where Λ has emerged as an integration constant. Hence, we obtain the equation of the standard cosmological model. The main difficulty to proceed with such model is the perturbative analysis: the ansatz chosen makes the construction of a covariant perturbative set of equations much more involved, and can not be made in a simple way as in the previous case. Moreover, no simple ansatz of the type δR = 0 seems convenient now.
VI. CONCLUSIONS
We have designed in this work a non-conservative version o unimodular theories of gravity. Even if not starting from the unimodular constraint on √ −g our main idea was to keep in mind the unimodular field equations and then evade the imposition that the total energy-momentum tensor has to be conserved. It is worth noting that by imposing T µν ;µ = 0 the unimodular field equations are formally the same as GR + cosmological constant. The structure we have found is quite different from the ΛCDM case. At the background level the effective dynamics transits from a pure radiation dominated universe to the de Sitter phase in the long time limit without having a matter-dominated epoch. In principle, xcalar and tensor perturbations behaves similarly, at least for the case of the background solution represented by the hyperbolic sinus, to the corresponding General Relativity case mixing radiation and a cosmological constant. Such equivalence is due to the ansatz employed at background and perturbative level. However, even in this case, some special configurations, which are not presented in the GR counterpart case, as the possibility to introduce a conserved matter component without spoiling the background solution. The perturbations in this case are very peculiar compared to the standard cosmology.
Issues concerning other astrophysical and cosmological aspects fo this theory should be further investigated. For example, applying a time reversal symmetry (t → −t) the model transits from the de Sitter expansion to a pure radiation behaviour. Such phenomenology can also be explored in the realm of inflationary models, with a smooth transition from the de Sitter phase to the standard radiative phase, which in principle is very attractive.
Moreover, in order to describe the present universe it seems necessary to relax the condition R = constant, which must be violated if we want to obtain a matter dominated phase during the evolution of the universe. The absence of such matter dominated phase is surely one of the reasons that make the model developed here not adapted to the description of the present universe, mainly at perturbative level. We have showed here that by relaxing this condition a transient matter dominated phase may be implemented. However, the perturbative analysis becomes much more complex.
We hope to explore deeply those extensions of the model presented here in future works.
